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IF G is a Lie group acting smoothly on a manifold V, a singularity of this action is a point 
of V whose G orbit is less than the dimension of G. We define thejZe of a manifold V to be 
the largest integer K such that there exists a non singular action of R K on V. If V is a closed 
manifold, the file of V is the rank of V, the maximal number of linearly independent vector 
fields on V which pairwise commute. In general, the rank of a manifold is not equal to its 
file. Consider S2 x R = R 3 - 0: the rank of this manifold is three but there is no non 
singular action of R 3 on this space; otherwise the orbit of a point in R3 - 0 would be 
open and closed hence equal to R” - 0. Since the orbit is a quotient space of R 3 by a dis- 
creet closed subgroup this is impossible. We shall see that the file of R 3 - 0 is one. 
Elon Lima proved the rank of S3 is one [l], and the author proved the rank of 
Sz x S’ is one [3]. P. Novikov subsequently obtained a more general result; he proved the 
rank of a closed three manifold is one provided its second homotopy group is non zero, [2]. 
In this paper, we prove the file of a three manifold is one if x2(V) # 0; V need not be com- 
pact. This paper is inspired by the work of Novikov [2]. 
THEOREM 1. Let V be a three dimensional manifold. If n,( V) is not zero then the jile of 
V is one. 
Proof. We shall assume there is a non singular action 4 of R 2 on V and prove n2( V) = 0. 
If V is not orientable we may lift the action 4 to a nonsingular action of R 2 on the orientable 
two sheeted covering P of V. Since x2(v) = 7c2( V) we can assume V is orientable. Let F 
be the foliation of V defined by the orbits of 4. The leaves of F are homeomorphic, in the 
leaf topology, to R2, S’ x R, or S1 x S1. 
Suppose 7c2(V) # 0, this will lead us to a contradiction. According to a theorem of 
J. H. C. Whitehead, there is an embedding8 S2 + V which represents a non zero element 
of n2( V), [4]. f can be approximated by an embedding , which is in general position with 
respect o F; let S = g(S2). The intersection of the leaves of F with S define a foliation of S 
with generic singularities. Each singularity is a center or saddle point. The number of singu- 
larities is finite in number hence we may displace S by an isotopy so that no two singu- 
larities are on the same leaf of F. Consequently, at each saddle point the stable and unstable 
manifolds of the saddle point form a figure eight, which we shall call a separatrice. Let G 
be the foliation of S defined by F n S. 
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We shall now prove there is a closed curve of G which is not null homotopic on its 
leaf of F. Suppose every closed curve of G is null homotopic on its leaf. This implies every 
curve of G is a closed curve or a separatrice. Otherwise, it follows from the Poincare Ben- 
dixon Theorem that there is a curve C, of G which has a closed curve C, of G in its limit set. 
CZ is not a point since the only singularities are centers and saddle points. C, represents a 
non zero element of the holonomy group of the leaf of F containing C1 hence C, cannot 
be null homotopic. Thus every curve of G is a closed curve. 
Now the assumption that each closed curve of G is null homotopic on its leaf of F 
allows us to deform S to a point and since S represents a non zero element of xZ(V), this 
means some closed curve of G is not null homotopic on its leaf. We now describe the 
deformation of S to a point, (cf.[2]). Let x be a center of S, and C a simple closed curve of 
G which bounds a disc D on S such that x is in D and all the curves of G in D are simple 
closed curves with x in their interiors. Notice that each curve of G may be displaced onto 
nearby leaves of F by an orthogonal trajectory field N to F since each curve of G is assumed 
to be null homotopic on its leaf. If C is close enough to x all the curves of G in D will bound 
discs on their leaves of F and we start the deformation of S by pushing D, along the orbits 
of N, into the leaf of F containing C. We can continue this deformation until we reach a 
separatrice of G. To see this, suppose C, is a simple closed curve of G which bounds a disc 
D, on S such that x E D, and every element of G in the interior of D,, other than x, is a 
simple closed curve C such that the disc on S with boundary C, and containing x, has been 
deformed into the leaf of F containing C. Displace C, slightly onto a nearby leaf in the 
direction of x by the orbits of N. Do this, so the image of C, is a curve C of G. The disc 
D on S with boundary C and containing x has already been displaced into the leaf of F 
containing C, and the displacement leaves C fixed. Let D ’ be the image of D in the leaf 
containing C. Let D,’ be the image of E under the displacement of C, to C along the tra- 
jectories of N, where E is the disc with boundary C, which is contained in the leaf con- 
taining C, . D,’ is a disc contained in the leaf of F containing C and aD,’ = C. We have 
D’ u D,’ a two sphere contained in a leaf L of F, and since n,(L) = 0, D’ v D,’ is null 
homotopic in L. Thus D ’ may be deformed into Do’ by a deformation which leaves C 
fixed. Now displace D,’ back along the orbits of N into E. This shows D, may be deformed 
into the leaf of F containing C, . Repeat this deformation of S for each center of F. If there 
are no separatrices in G, then S can be deformed into one leaf of F and then to a point since 
Q(L) = 0 for each leaf L of F. Suppose x is a separatrice of G and D the region on the leaf 
of F containing x with boundary x. Let E be a region on S with boundary x such that E 
has been deformed into D by the deformation we described. Let C be a simple closed curve 
of G which is near x and contained in S - E, and H the region of S bounded by x u C. 
D ” H can be deformed into the leaf of F containing C along the orbits of N. Thus the 
connected component of S - C containing x can be deformed into L. Now we continue 
the deformation of S until another separatrice is reached and by induction on the number 
of separatrices one proves S can be deformed to a point. 
Thus there is a closed curve C of G which is not null homotopic on its leaf of F. C 
is a smooth simple closed curve or a figure eight. In the latter case, one of the simple closed 
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curves which compose the figure eight is not null homotopic on its leaf L of F. We can then 
displace S slightly to obtain a smooth simple closed curve on L n S. Thus there is a leaf L 
of F such that L n S contains a smooth simple closed curve C such that C is not zero in 
q(L) and S meets L transversally along G. 
We know L = S1 x R or S1 x S1. Let X and Y be independent vector fields on V 
which define (p, [X, Y] = 0, and every orbit of Y on L is closed and homotopic to C on L. 
We refer the reader to [3] for details. Let C, be an orbit of Y on L. Since C, is homotopic to 
C on L, there is a diffeomorphism F : L -+ L, with compact support, such that F C, = C.F 
may be chosen to be isotopic to the identity hence F extends to a diffeomorphism of V. 
Consider the vector fields F X and F Y. They are independent, tangent to L and F Y has C 
as a closed orbit. Let D be a disc on S with boundary C. Since L is transversal to S along C, 
there is a diffeomorphism of a tubular neighborhood of D in L onto R 3 such that the 
image of D is 0’ = {(X, Y, 0)/X’ + Y2 5 l}, and the image of F X, F Y on C are the 
vector fields e, = (0, 0, l), e2(X, Y, 0) = (- Y, X, 0) respectively on D 2. However e, and e2 
do not extend to a two frame on the interior of D 2 [cf. 31, hence F X and F Y do not extend 
to a two frame on D. Thus q5 has a singularity, which contradicts our initial assumption. 
COROLLARY. The jile of S2 x R and the rank of S 2 x S’ are one. If I$ is an action of 
R2 on R3 - 0, then every neighborhood of 0 contains a singularity of 4. 
THEOREM 2. Let V be an n dimensional manifold not necessarily compact, and F a foliation 
of codimension one. Suppose x2(V) # 0 and x2(L) = 0 for each leaf L of F. Then there exists 
a leaf L of F such that z,(L) # 0. 
Proof. The proof is contained in the proof of theorem one. Let S be an immersed two 
sphere in general position with respect to the foliation and G be the induced foliation of S. 
If all the closed curves of G are null homotopic on their leaves then all the curves of G are 
closed and S may be continuously deformed to a point. Hence some closed curve of G is 
not null homotopic on its leaf and this leaf is not simply connected. 
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